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NOTES ON THETA SERIES FOR NIEMEIER LATTICES 


SHOYU NAGAOKA AND SHO TAKEMORI 


Abstract. Some explicit expressions are given for the theta series of Niemeier 
lattices. As an application, we present some of their congruence relations. 


1. Introduction 

The main object of this note is the theta series associated with the Niemeier 
lattice £: 

:= exp(7rV^tr(5'[A]Z)), Z G H„, 

AGM24,n(Z) 

where S € 2Sym24(Z) is the Gram matrix of £, 5'[A] := *XSX, and H„ is the 
Siegel upper half-space of degree n. In the following, we will sometimes refer to 

(n) 

as the Niemeier theta series. 

A Niemeier lattice £ is one of the 24 positive definite, even, unimodular lattices 
of rank 24. Therefore, the Niemeier theta series becomes a Siegel modular 
form of weight 12 and degree n. In this note, we give explicit expressions for , 
using some modular forms of weight 12 with integral Fourier coefficients for the 
cases n = 2 and 3. 

Theorem 1. Let C be a Niemeier lattice with Coxeter number h = he- The theta 
series ^ has the following expression: 

y + (24/i - 720 )t/|^ -b (48h^ - 2880h + 43200) 

-b (48/1^ - 288h^ + 3144/1 - 1131120)Fi2, 

(3) (3) (3) 

where E\ is the Eisenstein series of weight 4 and degree 3; , A 42 are Siegel 

modular forms of weight 12 with integral Fourier coefficients defined in Section \4^ 

and Fi 2 is Miyawaki’s cusp form of weight 12 (cf. [7]j- 

The expression 0 leads to congruence relations among the Niemeier theta series. 
For example, the congruence relations between the Coxeter numbers are related to 
those of the Niemeier theta series. 

Corollary 1.1. Let Ci (z = 1,2) be Niemeier lattices with Coxeter number hi := 
hci ■ Ifhi = h ,2 (mod m) for an integer m, then 

1 }^^^ = (mod m). 

Conway and Sloane listed such lattices according to the glue code and named 
them a, /3,..., w (cf. Conway and Sloane [1], p. 407, Table 16.1). 
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Theorem 2. Let a, lo, 5, and '0 be some of the Niemeier lattices defined above. 
The following congruence relations hold: 

^ ^£3) ^ (mod 23), 

■df'> = -df = t?g^2,i2] (mod 23), 

/4 l\ 

where we use the following abbreviations: [4,2,6] = ( ^ gj, and [2,2,12] = 
2 1 \ 

1 12 ) m in Section El- 

These congruence relations lead to the following fact (also cf. [TO]'). 

Corollary 2.1. (1) ITe have 

^(rli^)) = 0(^i2)) = 0(^(2)) ^ ^ 0 23), 

where 0 is the theta operator (the generalized Ramanujan operator) defined in Sec- 
tion \2.4\ . 

(2) The Siegel modular forms 

are the mod 23 singular modular forms with the maximal 23-rank 2 in the sense of 
Section \2^ (cf. [I]j. 


2. Preliminaries 

2.1. Notation. We begin by stating the notation that we will use. Let Ln, := 
Spnil) be the Siegel modular group of degree n, and let ]HI„ be the Siegel upper 
half-space of degree n. We denote by Mfe(r„) the C-vector space of all Siegel 
modular forms of weight k for r„, and denote by S'fc(r„) the subspace of cusp 
forms. 

Any F{Z) in M}^(Tn) has a Fourier expansion of the form 

F{Z) = a{F-T)q^, := exp(27r\/^tr(rZ)), Z € H„, 

0<TGSym*(Z) 

where 

Sym* (Z) := { r = (ty) e Sym„(Q) ] tu, 2tij e Z }. 

We will write the Fourier coefficient corresponding to T £ Sym*(Z) as a{F-,T). 

For a subring R of C, let Mk{Tn)R C MkiTn) denote the i?-module of all modular 
forms whose Fourier coefficients lie in R. 

2.2. Formal g-expansion. For T = (tij) £ Sym*(Z) and Z = (zij) £ ]HI„, we 
define qij := exp(27r-\/—Iz^j). Then, 

n 

q^ := exp(27r\/^tr(rZ)) = Y[ qfj'' '[[olt'■ 

i<j i=l 

Therefore, we may consider F £ Mk{Tn)R as an element of the formal power series 
ring 


F = ^a(F;T)g^ £ i?[gy, gy^]|gii,..., g„„]. 
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For a prime number p, we denote by Z(p) the local ring of p-integral rational num¬ 
bers. For two elements 

€ '^{p)[qij, ■ ■ ■, qnnj {i = 1,2), 

we write Fi = F 2 (mod p) if the congruence relation 

a{Fi;T) = a{F 2 -,T) (mod p) 
is satisfied for all 0 < T S Sym*(Z). 

2.3. Theta series for lattices and matrices. For a positive definite integral 
lattice C of rank m, we write the Gram matrix as S = Sc € Sym^(Z). We 
associate with it the theta series 

4’") =4”^(Z) := exp( 7 r\/^tr( 5 '[X]Z)), Z G H„. 

AeMm.nIZ) 

In general, this becomes a Siegel modular form for some congruence subgroup of 
F„. In particular, 

=4”)(Z) G M™(r„)z 

if £ is a positive definite, even, unimodular lattice of rank m. 

For our use below, we now quote the following result, which is a special case of 
a theorem presented by Bocherer and Nagaoka m, Theorem 5). 

Theorem 3. ([J, Theorem 5) Assume that p > 2n + 3 and p = 3 (mod 4). Let 
S G Sym 2 (Z) be a positive definite binary quadratic form with det{2S) = p. Then, 
there exists a modular form G G Mp+i (r„)y,^^^j such that 

= G (mod p). 

Proof. We apply Theorem 5 of [3], where 

/ = 4 ") gMi(F„,Xp)°, g = GGM,+ p^(r„). 

□ 

2.4. Theta operator and mod p singular modular form. First, we will de¬ 
fine the theta operator, which is a differential operator. For F = 'Yfa{F\T)q^ G 
Mkifin), we associate with it the formal power series 

F>{F) ■■= ^o(F;T) ■ <iet{T)q^ G C[gy,,d™l- 

This is called the theta operator (cf. [2]). For n = 1, the classical theta operator 
was studied by Ramanujan m- It should be noted that 0{F) is not necessarily of 
modular form. 

Next, we introduce the mod p singular modular form [T]. For a prime number 
p, a modular form F = 'Yfa{F\T)q^ G is called the mod p singular 

modular form with the (nontrivial) maximal p-rank r (r < n) ii F has the following 
property: 

a{F;T) = 0 (mod p) 

for all T G Sym* (Z) with r -|- 1 < rank(T) < n and 

a{F-,T)^0 (mod p) 


for some T with rank(T) = r. 


4 


SHOYU NAGAOKA AND SHO TAKEMORI 


If _F = ^a(F;T)q^ S is a mod p singular modular form, then 

0(F) = 0 (mod p). 

Namely, F is an element of the mod p kernel of the theta operator. 

In this note, we will show that the theta series associated with some Niemeier 
lattices are examples of such forms. 


2.5. Sturm bound for Siegel modular forms. In this section, we introduce a 
result of Richter and Raum [9] concerning the so-called Sturm bound. From this 
result, we can specify a modular form by using mod p. 


Theorem 4. [5] Assume that p is a prime number and F 
modular form in {n>2). If 

a{F; F) = 0 (mod p) 


for all 0 < T = {tij) G Sym*(Z) with 



(i = 1,... ,n), 


J2a{F;T)q"^ is a 


then 

a{F-, T) = 0 (mod p) 

for all 0 <T G Sym*(Z). 

Corollary 4.1. Let F = '^a{F\T)q^ he a modular form in Mk{Tn)z^py If 

a(F-T) G Z 


for all 0 < T G Sym* (Z) with 



then F G Mfe(r„)z. 


(i = 1,... ,n), 


2.6. Niemeier lattices. A Niemeier lattice is one of the 24 positive definite, even, 
unimodular lattices of rank 24, which were classified by H. Niemeier If £ is a 
Niemeier lattice, then the corresponding theta series becomes a Siegel modular 
form of weight 12: 

dP G Mi2(r„)z. 

As stated in the Introduction, for the Niemeier lattices, we use the notation a, 
/3,..., w, as defined by Conway and Sloane ([4], p. 407, Table 16.1). We write the 
associated theta series as .... One of our main purposes in this note is 

to study these theta series. 


3. Degree 2 theta series for Niemeier lattices 

3.1. Igusa’s generators. Let F^"^ be the Eisenstein series of degree n and weight 
k, normalized as a(F^"'^;0„) = 1. It is well known that F^”^ G Mfe(r„)Q. 

We set 

M(r2)z = 0 Mfc(r2)z. 
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Igusa [5] gave a minimal set of generators of the ring M(r 2 )z over Z. The set 
consists of 15 modular forms: 


M(T2)7, — ^[^4, Xq, XiQ, Xi2, Yi2, XiQ, . . . , X4g]. 
Here, the subscripts denote the weights, and 


X4 = E, 


( 2 ) 
'4 > 


Xf, = E, 


( 2 ) 
6 > 


-^10 — XlO) Xi2 — Xl2, 


where Xk {k = 10,12) is Igusa’s cusp form normalized as 


a Xk; 


1 1 
1 1 


= 1 . 


There are two modular forms of weight 12. The form Y 12 has the g-expansion 
Yi 2 ={qii + 922 ) — + 922 ) 

+ ( 9 i 2 ^ + “f 1206 + 116 gi 2 + 912)911922 + • ■ • 

and satisfies 

‘^'(^ 12 ) = A, 

where ^ is the Siegel operator, and 

1 


A : = 


((£;W)3 - (isfV) 


1728 

= q- 2 V + 252g3 _ I472g4 • • • e S'i 2 (ri)z. 

For use below, we now give the expressions for X^^'^ = X 12 and ^ = Y 12 using 
the Eisenstein series: 

Ai 2 — ai ■ (E 4 ) + a 2 • (Eg ) + as • ; 

131-593 131-593 


( 2 ) 


Oi = 


03 = 


211-34.53.337’ 
-131•593-691 


02 = 


210.36. 72.337’ 


( 3 ) 


211.36 • 53 • 72 • 337’ 

= 61 • (Flf)" + 62 • + h ■ e[ 1 \ 

41 • 71 • 109 , 1759 


bi = 

bs = 


b. = 


2 ^- 33 - 53 -337’ 
-131•593-691 

27.34.53.72.337- 


22 - 34 - 72 - 337’ 


3.2. Theta series for Niemeier lattices of degree 2. Let £ be a Niemeier 
lattice. It is known that if the Coxeter number of C is h, then the q-expansion of 
^ is given as follows: 

= 1 24/1 - g + - - - . 

Since G Z[£'j^\ A], the form ^ can be expressed as 
(4) 1 )^^^ = + (24/i - 720) A. 

This identity is a starting point for our study. 


Theorem 5. Let C he a Niemeier lattice with Coxeter number h. Then we have 
(5) = {Ef'^ f + (24/i - 720)Y/ 2 ^ + (48h^ - 2800h + 43200)^^2^ 

where X^^K ore Igusa’s generators, which were introduced in \3.1\ . 
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Proof. It follows from 

nY,f) = A 

( 2 ) 

that ^ has the following expression: 

(6) = {Ef^f + (24h - 720)y/2"^ + Cl • X 12 , 

where Cj = Ci{h) is a constant. We shall determine the value ci. 

We consider the diagonal restriction of both sides of ([6|) . We have 




( 2 ) 


/ zii 0 

V 0 Z 22 




{Err 


Y 


( 2 ) 


12 




( 2 ) 

12 


V 0 2:22 


Zii 0 

0 Z 22 


/ zii 0 

V 0 2:22 


= {zii) ■ {Z 22 ) 

= 1 + 24h • gii + 24h • ^22 + (24/i)^ • 911922 H-, 

= {E^r\zr ■ Ef\z22)r 

= 1 + 720 • 9 ii + 720 • 922 + 720^ • 911922 + • ■ • , 

= E^ ^(zii)A(2:22) + E\ ^(z22)A(zii) 

= <711 + 922 + 1440 • 911922 + • • ■ , 

= 2^ • 3A(zii)A(z22) 

= 12 ■ 911922 H-, 

where qu = exp(27r-\/—Comparing the coefficients of 911922 , we obtain the 
identity 

(24h)^ = 720^ + 1440(24/1 - 720) + 12 • ci. 

This implies 

Cl = 48/i^ - 2880/1 + 43200. 

This completes the proof of Theorem [S] □ 


4. Degree 3 theta series for Niemeier lattices 


4.1. Siegel modular forms of degree 3 and -weight 12. Miyawaki |7] con¬ 
structed a cusp form F 12 S 5'i2(r3) by using theta series with a spherical polyno¬ 
mial. In this section, we introduce two modular forms of degree 3 and weight 12. 
We will then show that they have integral Fourier coefficients. 

We set 


:= ai • {E^r'^r + 02 • {E^^^f + 03 • E^^ 
:= 5i • {E^r + &2 • (4"V + h ■ E^ - 


4740^ 

+ „„„ Ei2, 


337 

356411 

337 


-Fi 


12, 


where F 12 S 5'i2(r3)z is Miyawaki’s cusp form [7], and Oi and hi are constants given 
in and ([2|) in Section 15^ 

We shall show that they have integral Fourier coefficients. Since F 12 are in cusp 
form, we have 

This means that, if rank(r) < 3, then all of the Fourier coefficients a{x'^]T) and 
0 (^ 12 ^)^) 8-'^® integral. 
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In the case that rank(T) = 3, we have the following numerical data for the 
Fourier coefficients of -^^ 2 ^ ^ 1*2 ^ -^ 12 ' 


T 

a{X^^-T) 

aiY,f-,T) 

a(Pi2;r) 

[1,1, 

1; 1,1,1] 

1 

1 

1 

[1,1, 

1; 0,0,1] 

84 

7674 

18 

[1,1, 

1; 0,0,0] 

1132 

114476 

164 


Here, we used the abbreviation 

/a I § 

(7) [a,b,c-d,e,f]:=\l b f 

V§ I c 

• • (3) (3) 

Proposition 1. The modular forms \ and F 12 have integral Fourier 

coefficients: 

^12^ ^12^ ^ -^12(r3)z, P 12 S 5'i2(r3)z. 

Proof. This is true for P 12 G 5'i2(r3)z as a consequence of its definition [7]. We 
shall show that G Mi 2 (T 3 )z. By Corollary 14.11 it suffices to show that 

a(X^2^;T) € Z 

for all 0 < T = (tij) G Sym 3 (Z) with < 1. This can be confirmed from the above 

(3) 

table. The same argument can be applied to ¥{2 ■ Q 

4.2. Theta series for Niemeier lattices of degree 3. In this section, we show 

/ o\ 

that (£ : Niemeier lattice) can be expressed as an integral linear combination 
of (F;f )3, and Fi 2 . 

Theorem 6. Let C he a Niemeier lattice with Coxeter number h. Then we have 
+ (24/i - 720)y/|^ + (48h2 - 2800/i + 43200)X^2^ 

+ (48/1^ - 288h^ + 3144/1 - 1131120)Fi2, 

f3) f3) (3) 

where E\ ' is the Eisenstein series of degree 3 and weight f; and XI 2 , Xf 2 , and 

Fi 2 are modular forms given in Section EH 
Proof. We note that 

<l>{Ef^) = Ef^ , <T{X^^) = ) = yI^'> . 

Since S'i 2 (r 3 ) = C • ^ 12 , we can write 

={Ef'> f + (24/i - 720)y/|^ + (48/i^ - 2800/i + 43200)x}2^ 

+ C2 • Ei2 


j G Sym;(Z). 


for some constant C 2 . By an argument similar to the one used in the proof of 
Theorem [HI we can express the value C 2 as a polynomial in /i. As in the case of 
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degree 2, we consider the diagonal restrictions: 


,(3) 


( (Zll 

0 


0 

Z 22 

0 

Uo 

0 

Z 33 / 


E. 


(3) 





(3) 


12 


X- 


Fr 


( (Zll 

0 

0 

0 

^22 

0 

Uo 

0 

233 , 

/ fzii 

0 

0 

0 

^22 

0 

vU 

0 

^33 

/ fzil 

0 

0\ 

0 

^22 

0 

vU 

0 

Z 33 / 


(24h)^ ■ <711(722933 


373248000 ■ < 711 ( 722(733 


169632 • 9ii<722(733 


1728 • ( 711 ( 722(733 


288 • ( 711 ( 722(733 


where qu := exp(27r\/—lzii). From these formulas, we obtain 
(24hf = 373248000 + 169632 • (24h - 720) 

+ 1728 • (48h^ - 2880/1 + 43200) 

+ 288 • C 2 ■ 

This implies 

C2 = 48k^ - 288k^ + 3144/1 - 1131120. 

This completes the proof. □ 

Remark 1. The polynomial coefficients in the expression 0 / 1 ?^^ are factored as 
follows: 

co{h) := 24h - 720 = 24{h - 30), 

(9) ci{h) := 48h^ - 288Qh + 43200 = 48{h - 30)^ 

C2(/i) := 48h^ - 288h^ + 3144/i - 1131120 = 24{h - 8Q){2h^ + 48h + 1571). 

All of these coeffeients include the factor h — 30. If we take £ = 7 (cf. Conway- 
Sloane’s list [4], p. fOl, Table 16.1), then the Coxeter number is just 30. In this 
case, we have 

^W = (F;f))3 (n = l,2,3). 

This identity is also justified by the fact that 

7 = 

where E^ is the so-called Es lattice. 

The following table is obtained from Theorem |6l Here, h = he is the Coxeter 
number of the Niemeier lattice C. 
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Table 1 . Representation of degree three theta series of Niemeier lattices 


Name 

Components 

h 

Theta series 



a 

D 24 

46 


f + 384r/|^ 

+ 12288X^2^ + 3076224Fi2 

p 

DiqEs 

30 




1 

El 

30 




s 

A 24 

25 

1 )?' = (Bf: 

)3 - i 2 or/|^ 

+ 1200X^2^ - 482520Fi2 

e 

n 2 

^12 

22 

= (E?: 

)3 - i92r/|^ 

+ 3072X^2^ - 690240Fi2 

c 

A 17 E 7 

18 

= (Ef^; 

f - 288Yi^2^ 

+ 6912A:}2^ - 887904Fi2 

V 

DwE^ 

18 




0 

Ai^Dg 

16 


f - 336y4^^ 

+ 9408X^2^ - 957936Fi2 

L 

El 

14 


f - 384y4^^ 

+ 12288y}2^ - 1011840 Fi2 

K 

Ai 2 

13 


f - 408y4^^ 

+ 13872y}2^ - 1033464 Fi2 

A 

AiiD^Eq 

12 

= (Ef: 

)3 - 432y/|^ 

+ 15552y}2^ - 1051920 Fi2 

M 

El 

12 

II 



V 

AlDe 

10 

= (Ef^; 

f - 480y4^^ 

+ 19200y}2^ - 1080480 Fi2 

c 

Dl 

10 




0 

Al 

9 

dh = {Ef] 

)3 - 504y4^^ 

+ 21168A:}2^ - IO 9 II 6 OF 12 

TT 

A^Dl 

8 


f - 528y/2^ 

+ 23232A:}2^ - 1099824Fi2 

p 

At 

7 

= {Ef^\ 

f - 552y/2^ 

+ 25392A:}2^ - 1106760Fi2 

a 

AtDi 

6 

= {Ef^\ 

f - 576y/2^ 

+ 27648A:}2^ - 1112256Fi2 

T 

Dt 

6 




V 

Al 

5 


f - 60oy/2^ 

+ 30000A:}2^ - III 66 OOF 12 


Al 

4 

= (d”: 

)3 - 624y/|^ 

+ 32448y}2^ - II 2 OO 8 OF 12 

X 

A\^ 

3 

iiT = i.Ef^: 

f - 648y/2^ 

+ 34992y}2^ - 1122984Fi2 

V' 

Af 

2 


)3 - 672y/2^ 

+ 37632y}2^ - 1125600Fi2 

UJ 

Leech 

0 

dh = IeA>] 

f - 720y/2^ 

+ 4320oa:}2^ - 1131120 F 12 


As stated in the Introduction, expression dH) of Theorem |6] is useful for studying 
the congruences between modular forms. As a straightforward conclusion, we can 
prove the following result. 

Corollary 6.1. Let Ci {i = 1,2) be Niemeier lattices with Coxeter number hi := 
hci ■ If hi = /i 2 (mod m) for an integer m, then 

(mod to). 

Example 1. Since hp = 30 and hp = 7 (see Table 1), we have 

(mod 23). 

For example, 

[3,1, 2]) = 749432632320 = 799943308416 = [3,1, 2]) (mod 23). 
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Here we used the following abbreviation: For 


€ Syin 2 (Z), we set 


( 10 ) 


[a, 6 ,c] := 


e Sym;(Z). 


Corollary 6.2. Let {Ci{i = 1,2, 3, 4) } be a set of Niemeier lattices with Coxeter 

number hi = he- such that /ii < /i 2 < ^3 < ^ 4 - Then, for any Niemeier lattice C, 

(3) 

the Niemeier theta series "dje has the following expression: 


where £j (x) (j 


= 

1=1 

1,2,3,4) are the Lagrange basis polynomials: 


^jix) ■■= n 


l<m<4 

m^j 


X- Xm 


Xj Xm 


Proof. We recall expression (|S]) of TheoremlHl and we solve the system of equations 

(11) 4". = + co{h,)Y,f + cMx[f + C 2 (h,)Fi 2 , {i = 1, 2, 3,4), 

with respect to ^12- Here, Cj(h) is the polynomial defined 

in dni) of Remark [T] Since 


1 co(/ii) ci(hi) C2{hi) 

1 Co(/l 2 ) Ci(h 2 ) C2(/l2) 

1 Coifls) Ci{hs) C2(/l3) 

1 Coifli) Ciihi) C2(/l4) 


55296 • A{hi,h 2 , h^, ^ 4 ) 7 ^ 0, {A : the differente). 


the equations (HU are solvable. Again considering expression ([5]) , we conclude that 
(3) 

1 ?). has the following expression: 


1=1 

for some fj{x) G Q(hi, /12, ^3, h/fjlx]. A direct calculation shows that 


= n 


l<m<4 

m^j 


X — XjY] 
X j X 73 


= ijix). 


This completes the proof of Corollary 16.2 


□ 


5. Congruence properties of theta series for Niemeier lattices 

5.1. Congruence relation between theta series. We will now prove some con¬ 
gruence relations satisfied by the Niemeier theta series. For this, we need infor¬ 
mation about the Fourier coefficients of the generators Y^ 2 \ 

Fi2- 

The results in [ 8 ] and [ 6 ] can help us to calculate the Fourier coefficients of the 
Eisenstein series E^^'^. 

By combining the Fourier coefficients of Miyawaki’s cusp form F 12 (cf. [7]), we 

/q\ 

obtain numerical examples of the Fourier coefficients of d)r' {C: Niemeier lattice). 
We have the following result: 
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Theorem 7. The following congruence relations hold: 

^ ^£3) ^ (^0d23), 

^ = -df = ^[2,2,12] (mod 23), 

where a, 5, ip, and cu are Niemeier lattices listed in Table 1. 

Proof. We prove the first congruence relation. Since det([4, 2, 6]) = 23 = 3 (mod 4), 
we can apply Theorem [3] to 'd [4 2 6]' ^ consequence, there is a modular form 

Gi G Mi2(r3)z(23j such that 

^[ 4 , 2 , 6 ] = 23 ). 

We obtain the following tables: 


T 

«(^f4,2,6i;^) 


a(i?if^T) 

[0,0,0] 

1 

1 

1 

[1,0,0] 

0 

1104 

0 

[1,1,1[ 

0 

97152 

0 

[1,0,1] 

0 

1022304 

0 


T 

«(<2.6i;^) 

a(d2'^T) 

a(i?i?\r) 

[1,1, 

i;i 

1,1] 

0 

4177536 

0 

[1,1, 

1;0 

0,1] 

0 

81607680 

0 

[1,1, 

1;0 

0,0] 

0 

781393536 

0 


Here, we used the abbreviation [a, 6, c; d, e, /] introduced in Section 4.1, ([7])- From 
the information in the above tables, we can show that 

a(d[j 2 . 6 ]; F) = a(Gi; T) = ); T) = a(i?(f^; T) (mod 23) 

for all T = (tij) G Sym 3 (Z) with < 1. By using Theorem 01 we obtain 

< 2 . 6 ] = (mod 23). 

The proof of the second congruence relation proceeds in a similar manner. There 
is a modular form G 2 G Mi 2 (r 3 )zj 23 j such that 

i?j 2 2 12 ] = ^2 (mod 23). 

In this case, we obtain the following tables: 


T 

a(^[2,Vi2i;^) 

;r) 


[0,0,0] 

1 

1 

1 

[1,0,0] 

2 

600 

48 

[1,1,1] 

0 

27600 

0 

[1,0,1] 

0 

303600 

2208 
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T 

a(<2.i2i;L 

a{df^-T) 


[1,1,1; 1,1,1] 

0 

607200 

0 

[1,1,1;0,0,1] 

0 

12751200 

0 

[1,1,1;0,0,0] 

0 

127512000 

97152 


Again, by Theorem |4l we obtain 


^[ 2 , 2 , 12 ] ^ ^ ^ (mod 23). 


This completes the proof. □ 

Remark 2. The congruence relations 

(mod 23) and (mod 23) 

can be also proved by Corollarv \6.1\ 

5.2. Theta operator on theta series and the mod p singular form. In the 

previous section, we saw some congruence relations arising from theta series. Such 
relations can be reformulated by the terminology of the theta operator and the mod 
p singular forms that were introduced in Section [2.41 


Theorem 8. (1) The following congruence relations hold: 

0(i?i2)) = ) = 0(^(2)) ^ ^ 0 23). 


(2) The theta series 'i9a\ singular modular forms 

with the nontrivial maximal 23-rank 2. 

Proof. Statement (1) is a consequence of Theorem [T] To prove statement (2), we 
must show that 

aid^p]T)^0 (mod 23) 

for some T with rank(T) = 2. This comes from the following: 

a(i9i2);[2,l,3]) = a(df ;[1,1,6]) 

= a(i?JMl,l,6]) = a(i?L2);[2,l,3]) 

= 2 (mod 23). 

□ 
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